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New, improved curve fits for the transport properties of equilibrium
alr have been developed. The curve fits are for viscosity and Prandtl
numberas functions of temperature and density, and viscosity and thermal
conductivity as functions of internal energy and density. The curve fits
were constructed using Grabau-type transition functions t model the
transport properties of Pengand Pindroh. The resulting curve fits are
sufficiently accurate and self-contained so that they can be readily
incorporated into new or existing computational fluid dynamic codes. The
ranges of validity of the new curve fits are temperatures up to 15,000 K











specific internal energy, m2/s 2
specific enthalpy, m2/s 2






reference conditions of 273.15 K and density of 1.243 kg/m 3
INTRODUCTION
The realm of high-speed flight requires the knowledg_ of the
transport properties of equilibrium air. T_e transport p operties
for air in equilibrium can be found in the literature in the form
of tables (refs. 1 and 2). However, in performing computational
fluid dynamics calculations, the resulting table-lookup process is
often time consuming and cumbersome. As a consequence, s_ple
closed-form equations that can be readily incorporated Int,_
existing numerical codes are desirable for the various transport
properties.
Vigneron (ref. 3) developed simplified approximations for p =
p(e,p) and k = k(e,p), for the above reasons. The data for these
curve fits were derived from Hansen (ref. 1). One of the major
shortcomings of Vigneron's curve fits is the relatively large
error, especially in the curve fit for k = k(e,p). The pFimary
objective of the present research effort was to develop a curate





The curve fits are based on the transport properties computed
by Peng ard Pindroh (ref. 2) and have the same ranges of validity,
namely, temperatures up to 15,000 K and Amagat densities !P/Po)
from 10-5 to 101 .
SOURCEOF EQUILIBRIUMAIR TRANSPORTPROPERTIES
It is appropriate at this point to briefly describe the approach used
by Peng and Pindroh to calculate the transport properties. They chose a
nine species (N2, 02, NO, O, N, 0+, N+, NO+ and e-) model )f air
as an adequate representation for the transport properties under
consideration. The non-uniformities of the mass-velocity temperature,
and composition of the gaseous system result in the trans )rt processes of
momentum,energy and mass transfers. The interaction for _s between the
gas molecules determine the transport mechanism.
The relationship between the transport properties an_ the
intermolecular forces is given by the Chapman-Enskogmethod. In this
method one solves for the transport coefficients in terms of a set of
collision integrals. It is also possible to express the transport
coefficie_its in terms of rigid spher_ cross-sections. This was the
procedure adop ed by Pengand Pindroh, who used experimentally determined
cross-sections. The Chapman-E_iskogmethod is valid for situations when
only binary coi]isions are important, and where the gradients of the
physical quantities are smal].
The PrandtI number computedby Peng and Pindroh and correlated in
this report is based on the frozen property concept, i.e., it does not
include t_e reactive componentdue to diffusion as discussed by Hansen
(ref. I).
CONSTRUCTIONFTHECURVEFITS
Figure 1 shows the variation of N/_o with temperatur_ at various
constant censities. These curves exhibit segments of lin(_r or quadratic
functions successively connected by transition functions which are





















4 outlines in detail how these curves can be systematically approximated
by exponential transition functions using the technique of Grabau
(ref. 5). Following the method of Grabau, one has a choice of two
kernel transition functions. The first is the Fermi-Dirac function
1 (1)
1 + exp(mx)
which rep_'esents a transition with an inflection between the levels
0 and 1. This transition function will be referred to a_ an odd
transition function. The second type of transition function is the
kernel of the Bose-Einstein distribution function
I (2)
I - exp(mx)
which provides a transition without a point of inflection and is
known as an even transition function. In both these transition functions,
the sign and magnitude of the constant m determine the direction
and rate of the transitions, respectively.
These kernel transition functions can be modified to nodel transitior_s
in two independent variables.
in three dimensions is
The kernel of an odd trans tion function
1 (3)
i + exp(a o + alx + a2Y + a3xY)
where x and y are the two independent variables. Equation (3) is
essentially an alternate form of
1
I + exp[m(x-Xo)(y-yo)]
However, equation (3) is more convenien: for determining the values
of the constants ao and a3 as dictated ;y the behavior imposed on
the transition function. The genera] t(:chnique of determining the
values of these constants is as follows.
(4)
The boundaries of the transition
6
in the directions of the two independent variables are xa _ x _ xb
and Ycs y _yd" If f1(x,y) and f2(x,y) are the two surfaces limiting
the transition function f(x,y), then
f(x,y) = fi(x,y) + f2(x,y) - fl(x,y)
1 ± exp(a o + alx + a2Y + a3xY )
(5)
In order to ensure an accurate and smooth transition from fl(x,y)
to f2(x,y), it is necessary for the quadratic expression (a° + alx
+ a2Y + a3xY) to behave as follows. At the low(r left corner point
(xa, yc ) the quadratic expression should have a large positive value
so that F(x,y) = f1(x,y). At the upper right c)rner point (xb,Yd),
the quad-atic expression should have a large negative value in order
to ensure that f(x,y) _ f2(x,y). At the midpoints of the left and
right boundaries, [Xa,(y c + yd)/2] and [Xb,(yc + yd)/2], _espectively,




These conditions yield the following four linear equations:
ao + alxa + a2Y c + a3XaY c = +m (6)
ao + alxl) + a2Y d + a3xbY d = -m (7)
ao + alx_ + a2(Y c + Yd)/2 + _3Xa(Yc + yd)/2 = 0 (8)
ao + alx!) + a2(Yc + yd)/_ + a3Xb(Y c + yd)/2 = 0 (9)
where m _s a positive constant (typically, 10 =<m<20) chosen such
that exp (m) and e>p (-m) do not yield overflow or underflow conditions,
respectively, on a computer. The constants ao through a3 can now
be obtained in a straightforward manler from the system of four linear
equazions in four unknowns(eqs. (6) - (9)).
The above method of obtaining the Grabau-type transition functions
proved quite accurate in ensuring a negligible mismatch in the dependent
variable over the boundaries of adjoining sub-regions. Graphical
inspection of each of the transport property surfaces a] owsone
to identify the various sub-regions a: well as the exact locations
of the necessary Grabau transition furctions. It is a merit of this
stepwise method of constructing empirical equations that any part
can be removedfor corrections _,ithout disturbing the sur ace approximation
as a whole.
EQUATIONSOFTHECURVEFITS
The curve fits for the various transport properties were constructed
using Grabau-type transition functions, as described previously.
The general form of these curve fits can be written as
z(x,y) = fl(x,y) +
f2(x,y) - fl(x,/)
i ± exp(m o + mlx + m2Y ÷ m3xY)
(lO)
wh_re, in general,
fl (x'y) = Pl _ P2x + P3y + P4xy + P5x2 + p6y2 + P7x2Y + P8xY2
+ p!)x3 + Ploy
and
f2 (x'y) = Pll + P12 x + P13 y + P14 xy + P15 x2 + P16y2 + P17 x2y




The positive sign in the denominator corresponds to an o,d transition
function while a negative sign corresponds to an even trtnsition
function. The coefficients mo through m3 in the denominator of the
transition function in equation (10) were determined by the technique
outlined in tile preceding section. The coefficients Pl through P20'
in equations 111) and (12), were determined by the actual curve fitting
of the dlta from Peng and Pindroh (ref. 2). The exact location
and numberof these data points over the curve fit domain determined
the accuracy of the curve fits. The points were clustered near the
boundaries of the domain and the mid-region of the transition in
order to ensure continuity across the boundaries and accuracy within
the doman. The data of Pengand Pindroh were fitted to he equations
of the curve fits by the method of least squares. The FORTRANsubroutine
employed to perform the least squares curve fitting of the data uses
a multiple linear regression technique (ref. 6).
Pen) and Pindroh tabulate the three transport properties _,
Pr and k in increments of 100 K for temperatures from 500 K to 15,000 K
along 13 constant density lines. In order to generate data at intermediate
points for the least squares curve fitting, an interpolation procedure
was necessary. Two IMSLsubroutines IBCCCUand IBCEVL(ref. 7) were
used to perform bicubic spline interpolation of the data. The interpolated
data _as found to be smooth and was therefore, used with good confidence.
The general form of the curve fit for each transport property is
described below.
: u(T,p )
The general form of tile equation used for the correlation
= _(T,+) was
_11 + a2X + a3Y + a4XY + a5X2 + a6Y2 + a7X2Y ÷ a8XY2 + a9X3
+ a10 Y3 + (a11 + a12X + a13Y + a14XY + a15X2 + a16Y2 + aI7X2Y
+ a18XY2 + a19X3 + a20Y3)/[1 ± exp(a21 + a22X + a23Y + a24XY)]
(13)
where X = T/tO00 and Y = loglo(p/po). The units for T are K and
the units for p are kg/m 3. It should be noted that not all the terms
appearing in equation (13) are used over the complete range of T
and p. The units of p are kg/m-s.
Pr = Pr(T,p)
The general form of the equation used for the correlation
Pr = Pr(T,p) was
Pr = bI + b2X + b3Y + b4XY + b5XZ + b6Y2 + b7X2Y + b8XY2 + b9X3
+ bloY3 + (bll + bl2X + b13 Y + b14XY + b15 X2 + b16Y2 + b17X2Y
+ b18XY 2 + b19X3 + b20Y3)/[1 + exp(b21 + b22 X + b23Y + b24XY)]
where X = T/tO00 and Y = lOglO(p/po). The units for T are K and




The equation for the correlation I_: l_(e,p) was
Pl_o = Cl + c2Z + c3Y + c4YZ + c5Z2 + c6Y2 + c7Z2Y + c8ZY2 + c9Z3
+ c10Y3 + (Cll + c12Z + c13 Y + c14YZ + c15Z2 + c16Y2 + c17Y2Z
+ c18YZ2 + c19Z3 + c20Z_)/[1 ± exp(c21 + c22Z + c23Y + c24YZ)]
(15)
where Z = log10(e/e o) and Y = loglo(d_). The units of N are kg/m-s,
the units for e are m2/s z, and the units for pare kg/m 3.
For the correlation k = k(e,p), the general form of the equation
used was
k/k° = dI + d2Z + d3Y + d4YZ + d5Z2 + d6Y2 + d7Z2Y + d8ZY2 + d9Z3
+ dlo Y3 + (d11 + d12Z + d13Y + d14YZ + d15Z2 + d16Y2 + d17Z2Y
+ d18ZY2 + d19Z3 + d20Y3)/[1 ± exp(d21 + d22Z + d23 Y + d24YZ)]
(16)
where Z = lOglO(e/e o) and Y = log10 (Wpo). The units for e are
m2/s 2, the units for pare kg/m 3, and the units of k are Joule/K-m-s.
RESULTS AND CONCLUSIONS
New, simplified curve fits for the transport properties of equilibrium
air were constructed using the methodology described in the Irecedi_g
sections. Comparisons of the curve fits N = _(T,_, P_ = Pr(T,p),
= N(e,p) and k = k(e,_ with the data of Peng and Pindroh (ref.
2) are shown in figures 2 to 5. The following procedure was employed
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a given pressure p and density p, the NASA RGAS program (ref. 8)
(which gives the thermodynamic properties of equilibrium air) was
used to obtain the corresponding h and T. The given p and computed
T were then used to obtain N and k from a bicubic spline interpolation
of the data of Peng and Pindroh. The corresponding value of e is
given by e = h -:J/p . This same procedure was used for the present
comparisons.
The comparisons are presented graphically :o provide a qualitative
overview of the accuracy of the curve fits. However, as figures
2 to 5 indicate, these graphical comparisons are restricted to points
lying on 7 constant-density lines ranging from 10-5 to 101Amagats.
In order to ensure the validity and accuracy of the curve fits across
the entire domain, a more comprehensive accuracy test was carried
out. The curve fits were compared with the data of Peng and Pindroh
for relative accuracies at approximately 20,000 data points. These
test points were chosen to span the entire density range from 10-5
to 101Amagats and temperatures varying from 500 K to 15,000 K.
The results of these comprehensive accuracy checks are presented
in tables i to 4. The first column in the tables represents the
percentage e_ror in the comparison of a propert./ generated by bicubic
spline interpolation of the data of Peng and Pindroh and a curve
fit. The second co umn contains the ;_ercen_age of test points which
are in e'ror by an amount greater than that indicated in column 1.
The accuracies of the curve fits for _ = N(T,p) and Pr = Pr(T,p)
are good to within 4 percent of the data of Peng and Pindroh. The
somewhat higher percentage errors in the two curve fits with e and p
as independent variables can be attributed to the steep gradients
16
Table 1. Accuracy of _ = _(T,p)
Error,
percent













Total numberof data points = 35,211
Maximum error = 3.71 percent at T _ 15,000 K anJ log10(P/P o) = -5.0
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Table 2. Accuracy of Pr : Pr(T,p)
Error,
percent













Total numberuf data points = 35,211
Maximum error = 2.47 percent at T = 9350 K and loglo(_Po) = 10-5
L
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TABLE 3. Accuracy of N = N(e,p)
Error,
percent













Total number of data points = 18,794
Maximum error = 9.22 percent at log10(e/e o) = 3.28, T = 13,920 K and
lOglO(p/po) = -5.0
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TABLE4. Accuracy of k = k(e,p)
Error,
percent













Total number of data points = 18,794
Maximum error = 15.27 percent at lOglO(e/eo) = 2.65, T = 6,110 K and
lOglO(p/po) = -5.0
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in the surfaces which are a functional representation of the
transport properties. The present approach of using Grabau transi-
tion functions in conjunction with a least squares curve-fitting
procedure cannot model the steep gradients to any greater accuracy.
The curve fits for _ = _(e,p) and k = k(e,p) were not compared with
those developed by Vigneron (ref. 3) because the latter are based on
the data of Hansen (ref. 1) which are substantially different from
that of Peng and Pindroh.
In conclusion, the new, simplified curve fits provide a fast and
accurate means of obtaininj the transport properties of equilibrium
air. They can be incorporated into computational fluid dynamics
computer codes in a straightforward manner. Their accuracies are
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SUBROUTINE UGASI (T,RHO,MU) ORICI%[AI_ PK-GE _
OF POOR QUA/.FF_
INPUTS FOR SUBROUTINE :
T = TEMPERATURE, IN KELVIN
RHO = DENSITY, IN KG/M**3
OUTPUT :































IF (T.GT.I.05E04) GO TO 40






























IF (T.GT.13.0E03) GO TO 60












































































































INPUTS FOR SUBROUTINE :
T = TEMPERATURE, IN KELVIN
RHO = DENSITY, IN KG/M**3
OUTPUT :




















































































IF (T.GT.II.5E03) GO TO 70





















IF (Y.GT.-2.SE00) GO TO 90




































































INPUTS FOR SUBROUTINE :
E = INTERNAL ENERGY, IN (M/S)**2
RHO = DENSITY, IN KG/(M**3)
OUTPUT :




































































































IF (Y.GT.-3.80E00) GO TO 70















































INPUTS FOR SUBROUTINE :
E = INTERNAL ENERGY, IN (M/S)**2
RHO = DENSITY, IN KG/(M**3)
OUTPUT :





























0) GO TO 133
0) GO TO 70
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